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AN EXPLICIT MANIN-DEM’JANENKO THEOREM IN
ELLIPTIC CURVES
E. VIADA 1
Abstract. Let C be a curve of genus at least 2 embedded in E1 × · · · × EN
where the Ei are elliptic curves for i = 1, . . . , N . In this article we give an
explicit sharp bound for the Ne´ron-Tate height of the points of C contained
in the union of all algebraic subgroups of dimension < max(rC − tC , tC) where
tC , respectively rC , is the minimal dimension of a translate, respectively of a
torsion variety, containing C.
As a corollary, we give an explicit bound for the height of the rational
points of special curves, proving new cases of the explicit Mordell Conjecture
and in particular making explicit (and slightly more general in the CM case)
the Manin-Dem’janenko method in products of elliptic curves.
1. Introduction
By variety we mean an algebraic variety defined over the algebraic numbers Q.
If not otherwise specified, we identify V with its algebraic points V (Q). We denote
by E an elliptic curve and by A an abelian variety. For a positive integer N , we
denote by EN the cartesian product of N copies of E.
We say that a subvariety V ⊂ A is a translate, respectively a torsion variety,
if it is a finite union of translates of proper algebraic subgroups of A by points,
respectively by torsion points.
Furthermore, an irreducible variety V ⊂ A is transverse, respectively weak-
transverse, if it is not contained in any translate, respectively in any torsion variety.
In this article the word rank is used with his several different meanings. For clar-
ity, we remember that the rank of an abelian group is the number of generators over
Z of its free part; the rank of an R-module M for R a ring with field of franction
frac(R) is the dimension of the vector spaceM ⊗R frac(R); the k-rank of an abelian
variety A defined over k, for k a number field, is the rank of A(k) as an abelian
group; and the rank of a point on an abelian variety A is the only new concept
introduced in Definition 1.1 below.
A classical question in the context of Diophantine Geometry is to determine the
points on a curve of a certain shape, for instance the rational points. Much work
has been done in this direction. In a fundamental work Faltings [Fal83] proved the
Mordell Conjecture, namely that a curve of genus at least 2 defined over a number
field k has only finitely many k-rational points.
However the innovative proof of this theorem is not effective in the sense that it
does not give any information on how these points could be determined. By explicit
method, we mean a statement that provides an explicit bound for the height of the
rational points on a curve, thus also a method to find them. This is one of the
consequences of our paper for curves with a factor of the Jacobian isogenous to a
product EN with E(Q) of rank at most N − 1.
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2The classical effective methods for the Mordell Conjecture are for instance de-
scribed by J.P. Serre in his book [Ser89] Chapter 5 and they can be used for some
collection of curves to give their rational points. The Chabauty-Coleman method
[Cha41] and [Col85] provides a sharp bound for the number of rational points on a
curve transverse in an abelian variety of dimension strictly larger than its rank (here
the varieties are defined overQ). We refer to McCallum and Ponen [MP10] and Stoll
[Sto11] and their references for overviews on the method and for examples of curves
of genus 2 where the Chabauty-Coleman method can be used, in combination with
some decent argument, for finding their rational points. Another effective method
is given by Manin and Dem’janenko ([Dem68],[Man69]); it applies to curves defined
over a number field k that admit m different k-independent morphisms towards an
abelian variety A defined over k with rank of A(k) < m. However, the method
does not give an explicit dependence of the height of the k-rational points neither
in terms of the curve nor in terms of the morphisms. Thus, to apply the method
such a dependence must be elaborated example by example. Some examples are
given by Kulesz [Kul99] and Kulesz, Matera and Schost [KMS04] for some curves
with Jacobian isogenous to a product of special elliptic curves of rank one if the
genus of the curve is 2 and of rank two is the genus is 3.
New insides to this topic has been brought by a different approach introduced
by Bombieri, Masser and Zannier [BMZ99] in the framework of anomalous inter-
sections. They showed that the set of points of rank at most N − 2 on a curve
transverse in the torus (Q
∗
)N is finite. The rank of a point in an abelian variety is
defined as follows and an analogous definition can be given in semi-abelian varieties.
Definition 1.1. The rank of a point in an abelian variety A is the minimal dimen-
sion of a torsion variety containing the point.
The several implications and connections between conjectures on anomalous in-
tersections and classical conjectures can be read for instance in the book of Zannier
[Zan12] and in the survey article of the author [Via15].
A fundamental aspect of the proof of Bombieri, Masser and Zannier for curves
in tori is that it is effective, in the sense that it gives a bound for the height of
the points of rank at most N − 2. This however does not give any information on
the rational points of the curve, as the rank of QN is not finite. In [Via03], the
author extended their method to transverse curves in a product of N elliptic curves
with CM. An interesting feature of her proof is that it gives a method to bound
the height of the points of rank ≤ N − 2. However, like for the effective methods
mentioned above, it is far from being explicit and it is completely not uniform,
as the dependence on C and E is not specified and it basis on special intersection
numbers and height functions.
In [CV14] Corollary 1.6, S. Checcoli and the author used a Lehmer type bound
to prove a uniform bound for the height of the points of rank < N/2 on weak-
transverse curves in EN where E has CM. Furthermore, in [Via15] Theorem 6.4
the author proved a similar bound for points of rank ≤ N − 1 on transverse curves
in EN where E has CM. The bounds are explicit in the dependence on C but not
effective in the dependence on EN . The method cannot be extended to the non
CM case, as a Lehmer type bound is not known in this case. Moreover, even in the
CM case, the Lehmer type bound is not proved in an effective way, making these
bounds not effective in the dependence on E.
In the last years, we have been working to approach the problem with explicit
methods aiming to prove new cases of the explicit Mordell Conjecture and to even-
tually find all the rational points on some curves. In [CVV15] and [CVV16] joint
3with S. Checcoli and F. Veneziano, we give an explicit bound for the Ne´ron-Tate
height of the set of points of rank one on curves of genus at least two in EN where
E is without CM. The non CM assumption is technical and we handled there the
easier case where the endomorphism ring of E is Z.
In this article we generalize the result of [CVV15] in two directions. We first
present the explicit computations needed to extend the method introduced in
[CVV15] to the case of E with CM. This is done in Proposition 5.1. To prove
this Proposition, we give some estimates on the degrees of morphisms on EN where
E has CM. Then, using the adelic geometry of numbers, we extend the approxim-
ations done in [CVV15] to K-lattices, for K an imaginary quadratic field.
Secondly, we give an explicit bound for the Ne´ron-Tate height of points of rank
larger than one. More precisely of points of rank < N if C is a transverse curve
in EN and of points of rank < max(rC − tC , tC) if C has genus at least 2 and it is
contained in a translate of minimal dimension tC and in a torsion variety of minimal
dimension rC . In particular, this applies to points of rank < max(N − tC , tC) if C is
weak-transverse in EN and contained in a translate of minimal dimension tC .
For transverse curves the result is optimal with respect to the rank, while for
weak-transverse curves it is not optimal. We recall that an effective result with
the optimal rank N − 2 in the weak-transverse case is an extremely deep statement
which would imply the effective Mordell-Lang Conjecture for curves. This is well
known to be one of the most challenging open problem of this last century.
We now introduce all the notation needed to state our main theorem. We first
recall the definition of the two invariants just introduced above.
Definition 1.2. For a curve C ⊂ A, we denote by tC the minimal dimension of
a translate containing C and by rC the minimal dimension of a torsion variety
containing C.
Notice that for a transverse curve tC = rC = dimA and for a weak-transverse
curve rC = dimA. Let E be an elliptic curve. We fix a Weierstrass equation
(1) y2 = x3 + Ax+B,
with A and B algebraic integers. Let ∆ and j be the discriminant and j-invariant
of E. Let End(E) be the ring of endomorphisms of E, K its field of fractions and
DK its discriminant. We embed E
N into PN2 via the affine equation (1) and then
via the Segre embedding in P3N−1. Let hˆ be the Ne´ron-Tate height on E
N and
hW the absolute logarithmic Weil height in the projective space. The degree of a
curve C ⊂ EN is the degree of its image in P3N−1; the normalised height h2(C) is
defined in terms of the Chow form of the ideal of C as done in [Phi95] and h(C) is
the canonical height of C, as defined in [Phi91] (see Section 2 for more details).
We can then state our main theorem.
Theorem 1.3. Let C ⊂ EN be a curve of genus at least 2 and K = Frac(End(E))
with discriminant DK . Then the set of points P ∈ C of rank r < max(rC − tC , tC)
is a set of Ne´ron-Tate height explicitly bounded as
hˆ(P ) ≤(N − r)|DK |
2tC+tCr+4r
2(tC−r)
(
c1(tC , r)h2(C)(deg C)
r
tC−r + c2(tC , r, E)(deg C)
tC
tC−r
)
+
+ (N − r)t2CC(E) +
h(C)
deg C .
If furthermore C is transverse we obtain
hˆ(P ) ≤|DK |
2N+Nr+4r
2(N−r)
(
c1(N, r)h2(C)(deg C) rN−r + c2(N, r,E)(deg C) NN−r
)
+N2C(E).
4For any integer n > r we define
c1(n, r) =
(
28n
2
32n
2
n9n
2
) 1
n−r
c2(n, r, E) = c1(n, r)
(
3n + n2C(E)
)
,
and
C(E) =
hW (∆) + 3hW (j)
4
+
hW (A) + hW (B)
2
+ 4.
As remarked in several works, the proof of Theorem 1.3 for points of a certain rank
works similarly also for curves in a product of elliptic curves E1× · · ·EN instead of
EN . It this case it simply happens that some of the coefficients of the linear forms
defining an algebraic subgroup are zero. So Theorem 1.3 holds in E1× · · ·EN with
Ei where we fix equations of the type (1) for every Ei. Using the universal property
of the Jacobian one can easily state our theorems for curves with a factor of the
Jacobian isogenous to E1 × · · ·EN .
The proof of a slightly sharper version of Theorem 1.3 is given is Section 6. We
divide the theorem in two parts. The first one, given in Theorem 6.1, treats the
case of a transverse curve. This is proven with typical tools of diophantine ap-
proximation, based on some estimates for degree and heights done in Section 4 and
some refined argument of geometry of numbers presented in Section 5. The second
part is given in Theorem 6.2. We reduce, via a geometric induction argument, the
general case to the case of a transverse curve.
Theorem 1.3 can be easily used to describe the rational points of curves in EN
under some conditions on the rank of the group E(Q) as End(E)-module. We prove
the following cases of the explicit Mordell Conjecture.
Corollary 1.4. Let E be an elliptic curve and let C be a curve of genus at least 2
in EN , both defined over a number field k.
Assume that E(k) is an End(E)-module of rank r < max(rC − tC , tC). Then the
set of k-rational points C(k) has Ne´ron-Tate height bounded as
hˆ(P ) ≤(N − r)|DK |
2tC+tCr+4r
2(tC−r)
(
c1(tC , r)h2(C)(deg C)
r
tC−r + c2(tC , r, E)(deg C)
tC
tC−r
)
+
+ (N − r)t2CC(E) +
h(C)
deg C ,
where the constants are the same as in Theorem 1.3.
Clearly if E(k) has rank as End(E)-module at most r then all points in C(k) have
rank at most r in the sense of Definition 1.1. So our main theorem directly implies
Corollary 1.4. This is the most general result we have obtained in the context of
the explicit Mordell Conjecture, and it is not covered by any of our previous results,
specifically we had explicit results only for points of rank one in the non CM case.
Note that, by the Mordell-Weil Theorem, E(k) is a finitely generated abelian
group whose torsion-free part has r generators if End(E) = Z and 2r generators if
End(E) = Z+τZ. Thus to apply our theorem for transverse curves it is sufficient to
assume that EN has k-rank (in the sense of number of generators of EN (k)) smaller
than N2 in the non CM case and smaller than 2N2 in the CM case. In particular
this extends (in the CM case) and makes explicit the Manin and Dem’janenko
method for curves transverse in EN . The coordinates morphisms restricted to the
curve give the independent morphisms toward the elliptic curve E required by the
Manin-Dem’janenko method. For E without CM our and the Manin-Dem’janenko
assumption on the rank are the same; in the CM case our assumption is rank(E(k) <
2N while the Manin-Dem’janenko assumption is rank(E(k)) < N .
5We finally remark that the Chabauty-Coleman method in our setting of product
of elliptic curves becomes trivial, indeed their assumption is that the rank of EN (Q)
is smaller than N−1. This implies that E has rank zero, and in a product of elliptic
curves that at least one factor has rank zero. Then a simple use of the Arithmetic
Be´zout Theorem immediately gives a bound for the height of the rational points
on the curve.
In [CVV16] we gave a criterium for constructing transverse curves in E2 where
y21 = x
3
1 +Ax1 +B,
y22 = x
3
2 +Ax2 +B
are the equations of E2 in P22 for affine coordinates (x1, y1)×(x2, y2). It is sufficient
to cut a curve in E2 with any polynomial of the form p(x1) = y2 where p(x) ∈ Q[x].
In [CVV16] our examples were given under the assumption that E is non CM. We
can now extend them to any E, obtaining new iteresting examples. In Section 6.3
we prove the following
Corollary 1.5. Assume that E is defined over a number field k and that E(k) is
an End(E)-module of rank 1. Let C be the projective closure in E2 of the affine
curve cut by the additional equation
p(x1) = y2,
with p(x) = pnx
n+ . . .+p1x+p0 ∈ k[x] a non-constant polynomial of degree n with
m non-zero coefficients.
Then every point P ∈ C(k) has Ne´ron-Tate height bounded as
hˆ(P ) ≤ 2 · 1014|DK |5 (hW (p) + logm+ 4C(E)) (2n+ 3)2 + 4C(E)
where hW (p) = hW (1 : p0 : . . . : pn) is the height of the polynomial p(x) and the
constant C(E) is defined in Theorem 1.3.
We finally remark that in [Via08] the author proved that the set of points of rank
N − 2 on a weak-transverse curve C in EN has bounded height; the proof is not
effective and it uses in a non effective way the Vojta inequality, like it is used in
the proof of the Mordell-Lang Conjecture. However, in [Via03] the finiteness of the
points of C of rank ≤ N − 2 is effective and the bound on their number depends on
C, E, N and on the bound for their height in an effective way. In Section 6.4, we
use our Theorem 1.3, [Via08] Theorem 1.3 and a projection argument to prove:
Corollary 1.6. For any curve C of genus at least two embedded in EN , the set of
points of C of rank < max(rC − tC , tC) has cardinality effectively bounded.
Also here we can replace EN by E1 × · · · × EN , as explained above.
2. Preliminaries
In this section we introduce the notations and we recall several explicit relations
between different height functions. We also recall some basic results in Arithmetic
Geometry that play an important role in our proofs: the adelic Minkowski The-
orem, the Arithmetic Be´zout Theorem and the Zhang Inequality.
Let E be an elliptic curve defined over a number field k by a fixed Weierstrass
equation
(2) E : y2 = x3 +Ax+B
6with A and B in the ring of integers of k (this assumption is not restrictive). We
denote the discriminant of E by
∆ = −16(4A3 + 27B2)
and the j-invariant by
j =
−1728(4A)3
∆
.
We consider EN embedded in P3N−1 via the following composition map
(3) EN →֒ PN2 →֒ P3N−1
where the first map sends a point (X1, . . . , XN ) to ((x1, y1), . . . , (xN , yN )) (the
(xi, yi) being the affine coordinates of Xi in the Weierstrass form of E) and the
second map is the Segre embedding. Degrees and heights are computed with respect
to this fixed embedding.
2.1. Heights of points. If P = (P1 : . . . : Pn) ∈ Pn(Q) is a point in the projective
space, then the absolute logarithmic Weil height of P is defined as
hW (P ) =
∑
v∈MK
[Kv : Qv]
[K : Q]
logmax
i
{|Pi|v}
where K is a field of definition for P and MK is its set of places. If α ∈ Q then
the Weil height of α is defined as hW (α) = hW (1 : α).
We also define another height which differs from theWeil height at the Archimedean
places:
(4)
h2(P ) =
∑
v finite
[Kv : Qv]
[K : Q]
logmax
i
{|Pi|v}+
∑
v infinite
[Kv : Qv]
[K : Q]
log
(∑
i
|Pi|2v
)1/2
.
For a point P ∈ E we denote by hˆ(P ) its Ne´ron-Tate height as defined in [Phi91]
(which is one third of the usual Ne´ron-Tate height used also in [CVV15]).
If P = (P1, . . . , PN ) ∈ EN , then for h equal to hW , h2 and hˆ we define
h(P ) =
N∑
i=1
h(Pi).
The following proposition directly follows from [Sil90, Theorem 1.1] and [CVV16,
Proposition 3.2].
Proposition 2.1. For P ∈ EN ,
−NC(E) ≤ h2(P )− hˆ(P ) ≤ NC(E),
where
C(E) =
hW (∆) + 3hW (j)
4
+
hW (A) + hW (B)
2
+ 4.
Further details on the relations between the different height functions defined
above can be found in [CVV16], Section 3.
2.2. Heights of varieties. For a subvariety V ⊂ Pm we denote by h2(V ) the
normalised height of V defined in terms of the Chow form of the ideal of V , as done
in [Phi95]. This height extends the height h2 defined for points by formula (4) (see
[BGS94], equation (3.1.6)). We also consider the canonical height h(V ), as defined
in [Phi91]; when the variety V reduces to a point P , then h(P ) = hˆ(P ) (see [Phi91],
Proposition 9).
72.3. The degree of varieties. The degree of an irreducible variety V ⊂ Pm is
the maximal cardinality of a finite intersection V ∩ L, with L a linear subspace
of dimension equal to the codimension of V . The degree is often conveniently
computed as an intersection product.
If X(E,N) is the image of EN in P3N−1 via the above map, then by [CVV15],
Lemma 2.1 we have
(5) degX(E,N) = 3NN !.
2.4. The Arithmetic Be´zout Theorem. The following explicit result is proven
by Philippon in [Phi95], The´ore`me 3. It describes the behavior of the height for
intersections.
Theorem 2.2 (Arithmetic Be´zout theorem). Let X and Y be irreducible closed
subvarieties of Pm defined over the algebraic numbers. If Z1, . . . , Zg are the irredu-
cible components of X ∩ Y , then
g∑
i=1
h2(Zi) ≤ deg(X)h2(Y ) + deg(Y )h2(X) + C0(dimX, dimY,m) deg(X) deg(Y )
where
(6) C0(d1, d2,m) =

 d1∑
i=0
d2∑
j=0
1
2(i+ j + 1)

+ (m− d1 + d2
2
)
log 2.
2.5. The Zhang Inequality. In order to state Zhang’s inequality, we define the
essential minimum µ2(X) of an irreducible algebraic subvariety X ⊂ Pm as
µ2(X) = inf{θ ∈ R | {P ∈ X | h2(P ) ≤ θ} is Zariski dense in X}.
The following result is due to Zhang [Zha95], Theorem 5.2:
Theorem 2.3 (Zhang inequality). Let X ⊂ Pm be an irreducible algebraic subvari-
ety. Then
(7) µ2(X) ≤ h2(X)
degX
≤ (1 + dimX)µ2(X).
We also define a different essential minimum for subvarieties of EN , relative to
the height function hˆ:
µˆ(X) = inf{θ ∈ R | {P ∈ X | hˆ(P ) ≤ θ} is Zariski dense in X}.
Using the definitions and a simple limit argument, one sees that Zhang’s inequality
holds also with µˆ, namely
(8) µˆ(X) ≤ h(X)
degX
≤ (1 + dimX)µˆ(X).
If X is an irreducible subvariety in EN , using Proposition 2.1 we have
(9) −NC(E) ≤ µ2(X)− µˆ(X) ≤ NC(E)
where the constant C(E) is defined in Proposition 2.1.
82.6. Complex Multiplication. We denote by End(E) the ring of endomorphisms
of E. We recall that an elliptic curve E is non CM if End(E) is isomorphic to Z,
while E is CM if End(E) is isomorphic to an order in K = Q(
√
D), for some
squarefree negative integer D. In particular, End(E) is isomorphic to Z + fOK
where OK is the ring of integers of K and f2 divides DK , the discriminant of K.
If D is congruent to 1 modulo 4, then DK = D and OK = Z[(1 +
√
D)/2], so
f = 1 and End(E) = Z[(1 +
√
D)/2]. If D is not congruent to 1 modulo 4, then
DK = 4D and f ∈ {1, 2}: if f = 1 then End(E) = Z[
√
D], while if f = 2 then
End(E) = Z[2
√
D]. In all cases End(E) = Z[τ ] for the above specified τ and we
say that E has CM by τ .
2.7. The adelic Minkowski Theorem. In this section we follow the notations
and arguments of [BG06] Appendix 6. The adelic Minkowski Theorem has been
proved by Bombieri and Vaaler [BV83] Theorem 3, where they use it to prove
Siegel’s Lemma over number fields.
Let K be an imaginary quadratic number field with ring of integers OK and let
r and N be positive integers. A K-lattice Λ of rank r is an OK-module of rank
r such that Λ ⊗OK K is a K-vector space of dimension r (see [BG06], Definition
C.2.5)
Consider a matrixM ∈Matr×N(End(E)) of rank r. Then the rows ofM generate
an OK-module and so a K-lattice Λ ⊂ End(E)N ⊂ KN . We define the determinant
of Λ as det Λ =
√
det(MM
t
), where M
t
is the transpose of the complex conjugate
of M . This is also the covolume of a fundamental domain of Λ.
The following is a special case of the adelic Minkowski second theorem proved in
[BV83] Theorem 3 and also in [BG06] Theorem C.2.11 and Section C.2.18.
Theorem 2.4. Let K be an imaginary quadratic field with discriminant DK and
Λ a K-lattice of rank r as defined above. Then there exist generators u1, . . . ur of
Λ with euclidean norm ||ui|| = λi such that
ω2r(λ1 · · ·λr)2 ≤ 2r|DK |r/2(detΛ)2,
where ω2r = π
r/r! is the volume of the unit ball in R2r.
Proof. To deduce this version from [BV83] Theorem 3 or [BG06] Theorem C.2.11,
we note that Λ⊗OK K makes Λ a full K-lattice as defined by Bombieri and Vaaler.
In addition Λ is embedded in End(E)N and so in KN . Then it remains to estimate
Vol(S). This is done in [BG06] C.2.18. We choose the standard Z-basis of OK and
then identify Kr with Q2r and in turn see Λ embedded in KN and Q2N . Then our
K-lattice Λ may be viewed as an R-lattice Λ∞ of rank 2r embedded in R
2N .
The classical Minkowski Theorem tells us that there exist generators vi for i =
1, . . . , 2r of Λ∞ (defining the classical successive minima) such that
ω2r||v1|| . . . ||v2r|| ≤ 4r(volΛ∞).
A computation shows that vol(Λ∞) ≤ (volOK)rvolΛ2, where OK is considered as
a Q-lattice of rank 2. In addition volOK = |DK |
1/2
2 by classical results and volΛ =
detΛ by definition. Finally one can extract from the vi an OK-basis u1, . . . ur of Λ
such that ||ui|| ≤ ||v2i−1||. So (λ1 · · ·λr)2 ≤ ||v1|| . . . ||v2r|| that together with the
above bounds gives the theorem. 
Note that, from the proof, one sees that ||ui|| = λi are the successive minima of
Λ, where the definition is as follows. Let S be the unitary complex ball of Cr with
respect to the Lesbegue measure. The i-th successive minimum is
λi = inf{λ ≥ 0 | λ · S contains i linearly independent vectors of Λ}.
9This definition is equivalent to the one given in [BG06] C.2.9 as explained in [BV83]
(3.2).
2.8. Algebraic Subgroups. In this subsection we recall the several different de-
scriptions of the algebraic subgroups of EN .
By the uniformization theorem there exists a unique lattice Λ0 ⊂ C such that the
map C→ P2(C) given by
z 7−→
{
[℘Λ0(z) : ℘
′
Λ0
(z) : 1] , z 6∈ Λ0
[0 : 1 : 0] , z ∈ Λ0
induces an isomorphism C/Λ0
∼→ E(C) ⊂ P2(C) of complex Lie groups (see [Sil86,
Theorem VI.5.1]. Here ℘Λ0 denotes the Weierstrass ℘-function associated to the
lattice Λ0. The N -th power of this isomorphism gives the analytic uniformization
℘e : C
N/Λ0
N ∼→ EN (C)
of EN . Note that CN can be identified with the Lie algebra of EN (C) and the
composition of the canonical projection π : CN → CN/Λ0N with ℘e can be identi-
fied with the exponential map of the Lie group EN (C). By [BG06, 8.9.8], the set
of abelian subvarieties of EN is in natural bijection with the set of complex vector
subspaces W ⊂ CN for which W ∩ Λ0N is a lattice of full rank in W . Such a W
corresponds to the abelian subvariety B of EN with B(C) = (℘e ◦ π)(W ) and we
identify W with the Lie algebra of B.
The orthogonal complement of an abelian subvariety B ⊂ EN with Lie algebra
WB ⊂ CN is the abelian subvariety B⊥ with Lie algebraW⊥B whereW⊥B denotes the
orthogonal complement of WB with respect to the canonical Hermitian structure
of CN . Note that W⊥B ∩ Λ0N is a lattice of full rank in W⊥B and its volume can
be estimated using the Siegel Lemma over number fields of Bombieri and Vaaler
[BV83].
Let B be an irreducible torsion variety of EN with codimB = r. By [MW93]
Lemma 1.3, B is a component of an algebraic subgroup H of codimension r and of
degree ≤ degBT0 where T0 is the number of components of H and it is absolutely
bounded. The Lie algebra of the zero component of H is the kernel of a linear map
ϕB : C
N → Cr. We identify ϕB with the induced morphism ϕB : EN → Er. Then
kerϕB = B+τ with τ a torsion set of cardinality T0. In turn ϕB is identified with a
matrix in Matr×N(End(E)) of rank r and, using the geometry of numbers, we can
choose the matrix representing ϕB in such a way that the degree of B is essentially
the product of the squares of the norms of the rows of the matrix.
More precisely, given B ⊂ EN an algebraic subgroup of rank r, we associate
it with a matrix in Matr×N(End(E)) with rows u1, . . . , ur such that the euc-
lidean norm ||ui|| of ui equals the i-th successive minimum of the K-lattice Λ =
〈u1, . . . , ur〉OK for K = Frac(End(E)) and OK its ring of integers. In Subsection
4.1 we show that
degB ≤ 3NN ! (12N−12)r r∏
i=1
||ui||2.
Combining this with Minkowski’s Theorem recalled above we get
(10)
degB
(detΛ)2
≤ 3NN ! (12N−12)r 2r|DK | r2
ω2r
.
3. Estimates for the degree of morphisms
In this section we give sharp bounds for the degree of an algebraic subgroup of
EN , where the embedding of EN in the projective space is fixed as done in (3).
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An algebraic subgroup H of EN of codimension s is defined by s equations
L1(X1, . . . , XN ) = 0,
...
Ls(X1, . . . , XN ) = 0
where Li(X1, . . . , XN ) = li1X1 + · · · + liNXN are morphisms from EN to E; here
the coefficients lij ∈ End(E) are expressed by certain rational functions; similarly
the + that appears in this expression is the addition map in EN , which is expressed
by a rational function of the coordinates.
More precisely, if the Xi’s are all points on E with affine coordinates (xi, yi) in
P2, then Li(X) are also points on E with coordinates in P2 (x(Li(X)), y(Li(X)))
which are rational functions of the xi’s and yi’s.
The purpose of this section is to study the rational functions x(Li(X)) and to
bound the sums of their partial degrees.
3.1. Estimates for degrees of rational functions. Recall that if figi are rational
functions, with fi, gi polynomials in several variables, we denote by d(fi/gi) the
maximum of the sums of the partial degrees of both fi, gi. Then
f
g
=
r∏
i=1
fi
gi
d(f/g) ≤
r∑
i=1
d(fi/gi)(11)
f
g
=
r∑
i=1
fi
gi
d(f/g) ≤
r∑
i=1
d(fi/gi)(12)
where d(f/g) is the bound for the sum of partial degrees of the product (in (11))
and of the sum (in (12)) of the fi/gi’s respectively.
3.2. Estimates for endomorphisms. In this section we are going to estimate
the degree of the rationa functions on E giving the mulitplication by an element of
End(E). Recall that if E has CM by τ and α ∈ End(E), then α = m+nτ for some
integers m,n. We denote by | · | the complex absolute value. Notice that since α is
an algebraic integer then |α| ≥ 1 for every α 6= 0.
From the theory of elliptic functions we can deduce the following result. This will
be used, together with other estimates for the non CM case, to bound the degree
of an algebraic subgroup.
Lemma 3.1. Let P = (x, y) be a point in E and let α ∈ End(E). Then
α(x, y) =
(
f(x),
yf ′(x)
α
)
with f a rational function with partial degrees bounded by |α|2.
In particular the coordinates of α(x, y) are rational functions of x and y whose
sums of the partial degrees are upper bounded by 2|α|2 and lower bounded by |α|2.
Proof. Let α ∈ End(E). Then
α(x, y) = (f(x) + yg(x), h(x) + yl(x))
for f, g, h, l rational functions. Since the multiplication by α is an isogeny on E we
have that α(−P ) = −αP for every P ∈ E, thus
α(x,−y) = (f(x)− yg(x), h(x)− yl(x)) = −α(x, y) = (f(x)+ yg(x),−h(x)− yl(x))
from which we deduce g = h = 0.
Notice that if (x, y) = (℘(z), ℘′(z)), with ℘ the Weiertrass ℘-function, then
α(x, y) = (℘(αz), ℘′(αz)). So we obtain α(x, y) =
(
f(x), yf
′(x)
α
)
where f is a
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rational function. Writing f(x) = a(x)b(x) with a, b polynomials, by Theorem 10.14 of
[Cox89], we have that deg a(x) = deg b(x) + 1 = |α|2. Therefore the sums of the
partial degrees of f(x) and yf ′(x) are smaller than 2|α|2 and bigger than |α|2. 
3.3. Estimates for group morphisms. We first estimate the degree of an algeb-
raic subgroup of codimension one, thus defined by one linear equation. Then we
generalize the estimates to algebraic subgroups of any codimension, thus defined
by several linear equations.
Consider first M points on E, P1 = (x1, y1), P2 = (x2, y2), . . . , PM = (xM , yM )
and let PM+1 = (xM+1, yM+1) = P1 ⊕ P2 ⊕ . . . ⊕ PM be their sum. Then xM+1
and yM+1 are certain explicit rational functions of the coordinates xi, yi for i =
1, . . . ,M .
We proved in [CVV15], Section 6.3.1, that if the points (xi, yi), for i = 1, . . . ,M
have coordinates given by some rational functions in certain variables, whose sums
of the partial degrees are bounded by di, then the sum d of the partial degrees of
the functions xM+1, yM+1 in the variablesf xi, yi is bounded as
d ≤ 12M−1d1 +
M∑
i=2
12M−i+1di ≤ 12M−1
M∑
i=1
di.(13)
Let us consider the morphism L : EN → E defined as
L(X) = l1X1 + · · ·+ lNXN
where li ∈ End(E) and Xi = (xi, yi) is in the i-th factor of EN . Then L(X) is
also a point on E with coordinates (x(L(X)), y(L(X))) that are rational functions
in the coordinates (xi, yi) of all Xi’s. We want to bound the sum of the partial
degrees of the rational function x(L(X)).
Let us set d(L) = d(x(L(X))) to be the sum of the partial degrees in the numerator
and denominator of x(L(X)).
Now combining inequality (13) with the bounds from Subsection 3.2 we obtain
(14) d(L) ≤ 12N−12
(
N∑
i=1
|li|2
)
.
4. Estimates for degree and height of a translate
In this section we give explicit bounds for the degree of a translate H +P in EN
in terms of the coefficients of the linear forms defining H and we bound its height
in terms of the height of P .
For a vector, we denote by || · || its euclidean norm.
4.1. A bound for the degree. To bound the degree of a translate, we do the
same construction of [CVV15], recalled here for clarity, and we use the explicit
bounds computed above for the CM case. We first consider an algebraic subgroup
given by a single equation in EN . Then we apply the Segre embedding and see this
subgroup as a subvariety of P3N−1. In doing this we must be careful in selecting
irreducible components. Finally we apply inductively Be´zout’s theorem for the case
of several equations.
Let U be a matrix in Mats×N (End(E)) with rows u1, . . . ,us ∈ End(E)N and let
H ⊂ EN be an irreducible component of the algebraic subgroup associated with
the matrix U (see Subsection 2.8).
If X1 = (x1, y1), . . . , XN = (xN , yN) are points on E and v = (v1, . . . , vN ) ∈
End(E)N is a vector, we denote v(X) = v1X1 + . . .+ vNXN .
As remarked in the previous section, v(X) = (x(v(X)), y(v(X))) is a point in E
and x(v(X)) is a rational function of the xi, yi’s.
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Let now P = (P1, . . . , PN ) ∈ EN be a point. Take the k-th row uk ∈ End(E)N
of U and consider the equation
x(uk(X)) = x(uk(P ))
with X = (X1, . . . , XN) ∈ EN as before.
Clearing out the denominators the previous equation can be written as
fuk,P (x1, y1, . . . , xN , yN ) = 0,
where fuk,P is a polynomial of degree bounded by d(uk) (see formula (13)) which
defines a variety in PN2 . Applying the Segre embedding, we want to study this
variety as a subvariety of P3N−1.
The Segre embedding induces a morphism between the fields of rational functions,
whose effect on the polynomials in the variables (x1, y1, . . . , xN , yN ) is simply to
replace any monomial in the variables of PN2 with another monomial in the new
variables, without changing the coefficients; the total degree in the new variables is
the sum of the partial degrees in the old ones.
Recall that in Section 2 we defined X(E,N) as the image of EN in P3N−1.
Denote by Y ′k ⊂ P3N−1 the zero-set of the polynomial fuk,P (x1, y1, . . . , xN , yN)
after embedding PN2 in P3N−1.
Now consider an irreducible component of the translate in EN defined by
uk(X) = uk(P )
and denote by Yk its image in P3N−1. We want to bound the degree of the hyper-
surfaces Yk. Notice that
Yk ⊂ Y ′k ∩X(E,N)
and it is a component. This is because setting the first coordinate of uk(X) equal
to x(uk(P )) defines two cosets, uk(X) = uk(P ) and uk(X) = −uk(P ).
By Be´zout’s theorem
deg Yk ≤ degX(E,N) deg Y ′k ≤ 3NN !12N−12||uk||2,
where the last inequality follows from formula (14).
In a similar way, considering all the rows we get
(15) deg(H + P ) ≤ degX(E,N) deg Y ′1 · · · deg Y ′s ≤ 3NN !
(
12N−12
)s s∏
i=1
||ui||2.
4.2. A bound for the height. The aim of this section is to prove the following:
Proposition 4.1. Let E be an elliptic curve with CM by τ . Set K = Q(τ), let
OK be its ring of integers and DK its discriminant. Let P ∈ E be a point. Let
H ⊂ EN be a component of the algebraic subgroup of codimension s associated
with an s × N matrix with rows u1, . . . ,us ∈ End(E)N such that ||ui|| is the i-th
successive minimum of the K-lattice Λ = 〈u1, . . . ,us〉OK . Then
h2(H + P ) ≤ C1(N, s)
s∏
i=1
||ui||2
(
2N |DK |N2
ω2(N−s)ω2s
s∑
i=1
hˆ(ui(P ))
||ui||2 + C(E)
)
.
where
C1(N, s) = N(N − s+ 1)3NN !
(
12N−12
)s
,
ω2n = π
n/n! and C(E) is defined in Proposition 2.1.
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Proof. Let Λ⊥ be the orthogonal K-lattice of Λ and let us+1, . . . ,uN be generators
of Λ⊥, such that ||us+1||, . . . , ||uN || are the successive minima of Λ⊥.
The (N − s) × N matrix with rows us+1, . . . ,uN defines an algebraic subgroup
H⊥, and for any point P ∈ EN there are two points P0 ∈ H , P⊥ ∈ H⊥, unique up
to torsion points in H ∩H⊥, such that P = P0 + P⊥.
Let U be the N ×N matrix with rows u1, . . . ,uN , and let ∆ be its determinant.
Notice that
|∆| = detΛ · detΛ⊥
because Λ and Λ⊥ are orthogonal.
We remark that ui(P0) = 0 for all i = 1, . . . , s, because P0 ∈ H , and ui(P⊥) = 0
for all i = s+ 1, . . . , N because P⊥ ∈ H⊥.
Therefore
UP⊥ =


u1(P
⊥)
...
us(P
⊥)
0
...
0


=


u1(P0 + P
⊥)
...
us(P0 + P
⊥)
0
...
0


=


u1(P )
...
us(P )
0
...
0


.
Recall, that there exists a matrix U∗, called the adjugate matrix of U , with coeffi-
cients in End(E), such that UU∗ = U∗U = (detU)Id. So
(16) ∆P⊥ = U∗UP⊥ = U∗


u1(P )
...
us(P )
0
...
0


.
Moreover by Hadamard’s inequality, the i-th column of U∗ has all entries with
absolute value bounded by
(17)
||u1|| · · · ||uN ||
||ui|| .
Recall that for α ∈ End(E) and Q ∈ E then hˆ(αQ) = |α|2 hˆ(Q), because degα =
|α|2. Therefore, computing canonical heights in (16) and using (17) we have
hˆ(P⊥) ≤ N ||u1||
2 · · · ||uN ||2
|∆|2
s∑
i=1
hˆ(ui(P ))
||ui||2 .
Recall inequality (9), which gives
µ2(H + P ) ≤ µˆ(H + P ) +NC(E)
where C(E) was defined in Proposition 2.1. By [Phi12] we have µˆ(H+P ) = hˆ(P⊥)
and therefore, applying Zhang’s inequality and (9) we obtain
h2(H + P ) ≤ (N − s+ 1)(degH)(hˆ(P⊥) +NC(E)) ≤
≤ N(N − s+ 1)(degH)
(
||u1||2 · · · ||uN ||2
|∆|2
s∑
i=1
hˆ(ui(P ))
||ui||2 + C(E)
)
.(18)
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By (15) we know
degH ≤ 3NN ! (12N−12)s s∏
i=1
||ui||2.
Using Minkowski’s theorem 2.4 we deduce
degH
(det Λ)2
≤ 3NN !(12N−12)s 2
s|DK | s2
ω2s
,
and ∏N
i=s+1 ||ui||2
(detΛ⊥)2
≤ 2
N−s|DK |N−s2
ω2(N−s)
.
Plugging these inequalities in (18) and using |∆| = detΛ detΛ⊥, we obtain the
desired bound of the statement. 
5. The auxiliary translate
In this section we construct the auxiliary translate which approximates the torsion
variety passing through a point. We shall estimate the invariants of this translate
explicitly. In [CVV15, Proposition 3.1] we did it for the non CM case. In the
following proposition we generalize the result also to the CM case.
Proposition 5.1. Let E be an elliptic curve with CM by τ and let K = Q(τ) with
discriminant DK . Let P = (P1, . . . , PN ) ∈ B ⊂ EN , where B is a torsion variety
of dimension m. Let T ≥ 1 be a real number.
Then there exists an abelian subvariety H ⊂ EN of codimension s such that
deg(H + P ) ≤C3(N, s)|DK |sT
h2(H + P ) ≤C4(N, s,m)|DK |N2 +s+2T 1− Nms hˆ(P ) + C5(N, s,E)|DK |sT
where
C3(N, s) = 3
NN !
(
12N−12
)s
,
C4(N, s,m) =
C1(N, s)C2(m)N
2s2N+2(2(2N)2N )
2
m
ω2(N−s)ω2s
C5(N, s,E) = C1(N, s)C(E)
where C1(N, s) = N(N − s + 1)3NN !
(
12N−12
)s
, C2(m) =
m3(2m!)4
24m−5 , ω2n = π
n/n!
and C(E) is given in Proposition 2.1.
To extend to an imaginary quadratic field K what done in [CVV15] for rational
numbers, we choose a Z-basis of the ring of integers OK of K which gives the
successive minima of OK as Z-lattice. Via this identification, we associate to any
object over OK an object over Z, in a way that bounds are kept small. The
estimates in the CM case are more elaborated and they are carried out in the next
paragraphs, which are devoted to the proof of this proposition.
5.1. Geometry of numbers. If u is a vector, we denote by ||u|| its euclidean norm
and for a linear form L we denote by ||L|| the norm of the vector of the coefficients
of L. We have the following CM variant of Lemma 7.5 of [CVV15].
Lemma 5.2. Let E be an elliptic curve with CM by τ , let K = Q(τ) and DK its
discriminant. Let P = (P1, . . . , PN ) ∈ B ⊂ EN , where B is a torsion variety of
dimension m. Then there exist linear forms L1, . . . ,Lm ∈ C[X1, . . . , XN ] such that
||Lj || ≤ 1/|DK | and
hˆ(t1P1 + · · ·+ tNPN ) ≤ C2(m)N2|DK |2 max
1≤j≤m
{|Lj(t)|2}hˆ(P )
15
for all t = (t1, . . . , tN ) ∈ End(E)N , where
C2(m) =
m3(2m!)4
24m−5
.
Proof. For Q,R ∈ E, consider the pairing defined by Philippon in [Phi12]
(19) 〈Q,R〉 = 〈Q,R〉NT − 1√
D
〈Q,
√
DR〉NT
where 〈, 〉NT is the Ne´ron-Tate pairing and D is a squarefree negative integer such
that K = Q(
√
D).
This pairing gives the Ne´ron Tate height since 〈Q,Q〉 = hˆ(Q), and it is sesquilin-
ear and hermitian.
Since P belongs to an algebraic subgroup of dimension m, then the group ΓP
generated by its coordinates has rank 2m (over Z). By Lemma 3 of [Via03] with
Γ = ΓP and r = 2m, there exist generators g1, . . . , g2m ∈ E of the free part of ΓP
such that for every integer ai we have
(20) hˆ(a1g1 + . . .+ amg2m) ≥ 2
4m−2
(2m)2(2m)!4
(
2m∑
i=1
|ai|2hˆ(gi)
)
.
We now extract from the gi an End(E)-basis g1, . . .gm of the free part of ΓP .
We want to lower bound hˆ(α1g1 + . . . + αmgm) for every αi ∈ End(E). Writing
αi = ai + τbi ∈ End(E), where ai, bi ∈ Z, we have
hˆ(α1g1 + . . .+ αmgm) = hˆ(
m∑
i=1
aigi + τ
m∑
i=1
bigi) = hˆ(
m∑
i=1
aigi) + |τ |2hˆ(
m∑
i=1
bigi)+
+ 〈
m∑
i=1
aigi, τ
m∑
i=1
bigi〉+ 〈τ
m∑
i=1
bigi,
m∑
i=1
aigi〉.
Using the definition (19) and the fact that the pairing is hermitian, we have
〈
m∑
i=1
aigi, τ
m∑
i=1
bigi〉+ 〈τ
m∑
i=1
bigi,
m∑
i=1
aigi〉 =2Re
(
〈
m∑
i=1
aigi, τ
m∑
i=1
bigi〉
)
=
=2〈
m∑
i=1
aigi, τ
m∑
i=1
bigi, 〉NT ;
on the other hand, by the sesquilinearity we also obtain
Re
(
〈
m∑
i=1
aigi, τ
m∑
i=1
bigi〉
)
= Re
(
τ〈
m∑
i=1
aigi,
m∑
i=1
bigi〉
)
thus
(21) Re
(
τ〈
m∑
i=1
aigi,
m∑
i=1
bigi〉
)
= 〈
m∑
i=1
aigi, τ
m∑
i=1
bigi, 〉NT .
If τ =
√
D or 2
√
D, by (21) it easily follows
〈
m∑
i=1
aigi, τ
m∑
i=1
bigi, 〉NT = 0,
while if τ = (1 +
√
D)/2 one has
〈
m∑
i=1
aigi, τ
m∑
i=1
bigi, 〉NT = 〈
∑m
i=1 aigi,
∑m
i=1 bigi, 〉NT
2
.
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By (20) and |τ |2 ≥ 1 we finally obtain
(22) hˆ(α1g1 + . . .+ αmgm) ≥ 2
4m−3
(2m)2(2m)!4
(
m∑
i=1
|αi|2hˆ(gi)
)
.
By the choice of the gi, for every 1 ≤ i ≤ N we can write
Pi = ζi + γi1g1 + . . .+ γimgm
for some γij ∈ End(E) and torsion points ζi ∈ E.
Let A = maxi,j{|DK |2|γij |2hˆ(gj)}. We can suppose A > 0, otherwise P would
be a torsion point and the lemma would be trivial. Define now:
L˜j = γ1jX1 + · · ·+ γNjXN j = 1, . . . ,m
Lj =
(
hˆ(gj)
NA
) 1
2
L˜j j = 1, . . . ,m.
By the definition ofA we obtain ||Lj|| ≤ 1/|DK |. Moreover for every t = (t1, . . . , tN ) ∈
End(E)N , we have
t1P1 + · · ·+ tNPN = ξ +
m∑
i=1
L˜j(t)gj
where ξ is a torsion point. Computing heights we get
hˆ(t1P1 + · · ·+ tNPN ) = hˆ

 m∑
j=1
L˜j(t)gj

 ≤ N m∑
j=1
|L˜j(t)|2hˆ(gj) =
= N2A
m∑
j=1
|Lj(t)|2 ≤ mN2A max
1≤j≤m
{|Lj(t)|2}.(23)
If i0, j0 are the indices for which the maximum is attained in the definition of A,
then by (22) we get
24m−3
(2m)2(2m)!4
A =
24m−3
(2m)2(2m)!4
|DK |2|γi0j0 |2hˆ(gj0) ≤ |DK |2hˆ(Pi0 ) ≤ |DK |2hˆ(P ).
Combining this with inequality (23), we conclude the proof.

The following lemma is proven by a simple computation with complex numbers,
and it is useful to decompose linear forms over C in linear forms over R.
Lemma 5.3. Let E be an elliptic curve with CM by τ . Let K = Q(τ) and DK its
discriminant. Let L ∈ C[X1, . . . , XN ] be a linear form and let t ∈ End(E)N then
L(t) = L1(t1) + L2x0(t2) + (L2(t1) + L1(t2) + L2y0(t2))τ
where L = L1 + L2τ with Li ∈ R[X1, . . . , XN ], t = t1 + t2τ with ti ∈ ZN and
τ2 = x0 + y0τ .
Moreover
||(L1, L2x0)||| ≤ |DK |||L||
and
||(L2, L1 + L2y0)|| ≤ 2||L||; ||(L2, L1 + L2y0)|| ≤ |DK |||L||.
Proof. The first part is a simple computation implied from the linearity and from
the rule of multiplication of complex numbers, namely for ai, bi ∈ R we have (a1 +
a2τ)(b1 + b2τ) = a1b1 + a2x0b2 + (a1b2 + a2b1 + a2y0b2)τ .
For the second part one shall do the computations with the three different possible
cases for the values of τ and τ2 given in Section 2.6, and compare them with the
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value of the discriminant when D is congruent 1 modulo 4 or not. For the last
two inequalities one shall observe that for D = −1 then y0 = 0. For D < −1 the
inequalities are immediate because y0 is either 0 or 1 and |DK | ≥ 2. 
We can now prove a lemma of geometry of numbers which relies on Lemma 2 of
[Hab08] and on a decompositions of forms over C in forms over R.
Lemma 5.4. Let E be an elliptic curve with CM by τ and K = Q(τ) with discrim-
inant DK. Let 1 ≤ m ≤ N and let L1, . . . ,Lm ∈ C[X1, . . . , XN ] be linear forms
with ||Lj || ≤ 1/|DK | for all j. Then for any real number T ≥ 1 and any integer
s with 1 ≤ s ≤ N there exist linearly independent vectors u1, . . . ,us ∈ End(E)N
such that
||u1|| · · · ||us|| ≤ |τ |sT
and for 1 ≤ j ≤ m and 1 ≤ k ≤ s
||u1|| · · · ||us|| |Lj(uk)|||uk|| ≤ 2(2(2N)
2N)
1
m |τ |sT 1− Nms .
Proof. If T ≤ (2(2N)2N ) sN then (2(2N)2N) 1mT 1− Nms ≥ 1. It is then sufficient to
take ui to be s elements of the standard basis of Z
N .
We can then assume that T > (2(2N)2N)
s
N .
We shall define new forms in R[X1, . . . , XN , τX1, . . . , τXN ] that will allow us
to use Habegger [Hab08, Lemma 2] and to produce the wished estimates. Let
Li = L1i + L2i with L1i in R[X1, . . . , XN ] and L2i in R[τX1, . . . , τXN ]. In view of
Lemma 5.3 we define:
Li = (L1i, L2ix0) ∈ R[X1, . . . , XN , τX1, . . . , τXN ]
L′i = (L2i, L2iy0 + L1i) ∈ R[X1, . . . , XN , τX1, . . . , τXN ],
(24)
where τ2 = x0 + y0τ . Then ||Li|| ≤ |DK |||Li|| ≤ 1 and ||L′i|| ≤ |DK |||Li|| ≤ 1.
We can then apply [Hab08] Lemma 2 to the 2m forms L1, . . . Lm and L
′
1, . . . , L
′
m
in R[X1, . . . , XN , τX1, . . . , τXN ] with n = 2N and his m twice the m appear-
ing here. So for any real number ρ ≥ 1 there exist linearly independent vectors
U1, . . . , U2N ∈ Z2N and positive reals λ1 ≤ · · · ≤ λ2N such that
(25) ||Ui|| ≤ λi and λ1 · · ·λ2N ≤ 2(2N)2Nρ2m
and for every i ≤ m and k ≤ 2N
(26) ||Li(Uk)|| ≤ ρ−1λk and ‖|L′i(Uk)|| ≤ ρ−1λk.
For every 1 ≤ s ≤ N , consider the writing of the vectors U1, . . . , U2s as U1 =
(A11, A21), . . . , U2s = (A1,2s, A2,2s) with Aij ∈ ZN and setUi = A1i+A2iτ . Extract
s vectors ui = a1i+ τa2i from the U1, . . . ,U2s such that the vectors u1, . . . ,us are
K-linearly independent and of minimal norm. We denote ui = (a1i, a2i). Then
||ui||2 ≤ ||U2i−1||||U2i||. Moreover, from (25) we deduce
||u1||2 . . . ||us||2 ≤ ||U1|| . . . ||U2s|| ≤ λ1 . . . λ2s ≤ (λ1 . . . λ2N ) sN ≤ (2(2N)2N ) 2sN ρ 2msN .
Choose ρ so that T 2 := (2(2N)2N )
2s
N ρ
2ms
N . Since T > (2(2N)2N)
s
N then ρ ≥ 1.
Thus
||u1|| . . . ||us|| ≤ |τ |s||u1|| . . . ||us|| ≤ |τ |sT
which proves the first bound in the statement.
By (26) and from the fact that uk is one vector among the Uj with j ≤ 2k − 1
we get that
||Li(uk)||2 = ||Li(Uj)||2 ≤ ρ−2λ2j ≤ ρ−2λ2k−1λ2k
and similarly
||L′i(uk)||2 ≤ ρ−2λ2k−1λ2k.
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This together with (25) gives that for all i ≤ m we have
||u1||2 . . . ||us||2 |Li(uk)|
2
||uk||2 ≤ ρ
−2λ1 . . . λ2s ≤ ρ−2T 2 = (2(2N)2N) 2m T 2(1− Nms )
and
||u1||2 . . . ||us||2 |L
′
i(uk)|2
||uk||2 ≤ ρ
−2λ1 . . . λ2s ≤ ρ−2T 2 = (2(2N)2N ) 2mT 2(1− Nms ).
By Lemma 5.3 we deduce that the K-linearly independent vectors
ui = a1i + τa2i ∈ End(E)N with ui = (a1i, a2i)
satisfy
||u1|| . . . ||us|| |Li(uk)|||uk|| ≤|τ |
s−1||u1|| . . . ||us||
( |Li(uk)|+ |τ ||L′i(uk)|
||uk||
)
≤2|τ |s(2(2N)2N) 1m T 1− Nms .
This concludes the proof. 
We are now ready to prove Proposition 5.1.
Proof of Proposition 5.1. If E is non CM then this is proven in [CVV15] Proposition
3.1. Note that we used there another normalization for the height functions (namely,
the hˆ used in the present paper is 3 times the one used in [CVV15]), however the
bounds in that proposition are sharper than those presented here which hold in
both cases.
Assume now that E has CM. Let L1, . . . ,Lm ∈ K[X1, . . . , XN ] be the linear
forms constructed in Lemma 5.2. Then
(27) hˆ(u(P )) ≤ C2(m)|DK |2N2 max
1≤j≤m
{||Lj(uk)||2}hˆ(P )
for all u ∈ End(E)N .
By Lemma 5.4 applied with
√
T , there exist s vectors u1, . . . ,us ∈ End(E)N such
that
(28) ||u1||2 · · · ||us||2 ≤ |τ |2sT
and
(29) ||u1||2 · · · ||us||2 ||Lj(uk)||
2
||uk||2 ≤ 4|τ |
2s(2(2N)2N )
2
mT 1−
N
ms
and from (27) we have
(30) hˆ(uk(P )) ≤ C2(m)|DK |2N2 max
1≤j≤m
{||Lj(uk)||2}hˆ(P ).
Consider the algebraic subgroup defined by the equations u1(X) = 0, . . . ,us(X) =
0 and call H the irreducible component containing 0. Since the ui are K-linearly
independent the codimension of H is s. Moreover, by (15) its degree is bounded as
deg(H + P ) ≤ (3NN !(12N−12)s) |τ |2sT.
This proves the first bound because |τ |2 ≤ |DK |.
Substituting the above estimates in Proposition 4.1, we obtain that
h2(H + P ) ≤C1(N, s)C2(m)N
2s2N+2(2(2N)2N)
2
m
ω2(N−s)ω2s
|DK |N2 +s+2T 1− Nms hˆ(P )+
+ C1(N, s)C(E)|DK |sT.

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6. The proof of the main theorem
In this section we prove our main theorem. We divide the theorem into two parts.
The first is the case of transverse curves, the second is the general case. At the end
of the section we also prove Corollaries 1.5 and 1.6.
6.1. Transverse curves.
Theorem 6.1. Let C be a curve transverse in EN , let K = Frac(End(E)) with
discriminant DK . Then the set of points of C of rank r ≤ N − 1 has Ne´ron-Tate
height bounded as
hˆ(P ) ≤|DK |
2N+Nr+4r
2(N−r)
(
c1(N, r)h2(C)(deg C) rN−r + c2(N, r,E)(deg C) NN−r
)
+N2C(E),
where
c1(N, r) =
2
2N2+3N+Nr−4r2+7r+2
N−r 3
(2N−1)N
N−r
(ω2(N−1)ω2)
r
N−r
N
5N+4r
N−r
(N − 1) rN−r (N !)
N
N−r (2r!)
4r
N−r r
3r
N−r
c2(N, r,E) = c1(N, r)
(
N2C(E) +
HN + log 2
(
2(3N − 1)−N)
2
)
,
ω2n = π
n/n!, HN is the N -th harmonic number and C(E) is the explicit constant
defined in Proposition 2.1 and it depends only on the coefficients of E.
Proof. By assumption, the point P has rank r ≤ N − 1, then P ∈ B where B is a
torsion variety with dimB = r.
We apply Proposition 5.1 to P , with m = r, s = 1 and T as a free parameter that
will be specified later. This gives a translate H + P of dimension N − 1, of degree
explicitly bounded in terms of T and such that h2(H + P ) is explicitly bounded in
terms of degH and hˆ(P ) and T . More precisely for
α = (N !)32N−122N−1|DK |,(31)
β = (N !)N
4(N+r)
r (2r)!4r3
23N−4r+6+
2(2N+1)
r 32N−1
ω2(N−1)ω2
|DK |N2 +3,(32)
γ = N2C(E)α(33)
the degree and the height of the translate H + P are bounded by Proposition 5.1
with m = r and s = 1 as
(34) deg(H + P ) ≤ αT
and
(35) h2(H + P ) ≤ βT 1−Nr hˆ(P ) + γT.
We remark that P is a component of C ∩ (H + P ). If not, then C ⊂ H + P
contradicting the transversality of C. So, we apply the Arithmetic Be´zout Theorem
to C ∩ (H + P ) to bound the height of P . We have
h2(P ) ≤ h2(C) degH + deg Ch2(H + P ) + C0 deg C degH,
where
C0 =
(
HN + log 2
(
2(3N − 1)−N)
2
)
is given in (6) and HN denotes the N -th harmonic number. Substituting the
estimates from (34) and (35) above, we obtain
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h2(P ) ≤h2(C)αT + deg C
(
β
T (N−r)/r
hˆ(P ) + γT
)
+(36)
+ C0αT deg C
We now choose
T =
(
N
N − 1β degC
) r
N−r
,
so that the coefficient of hˆ(P ) at the right-hand side of (36) becomes (N−1)/N < 1.
Recall that by Proposition 2.1 we have
hˆ(P ) ≤ h2(P ) +NC(E)
where
C(E) =
hW (∆) + 3h(j)
4
+
hW (A) + hW (B)
2
+ 4
with A and B the coefficients of the Weierstrass equation for E and ∆ and j the
discriminant and the j-invariant of E. Then we get
hˆ(P ) ≤ (N − 1)
N
hˆ(P ) + h2(C)αT + deg CγT + C0αT deg C +NC(E)
and hence
hˆ(P ) ≤Nh2(C)αT +N(γ + C0α)T deg C +N2C(E) ≤
≤δh2(C)(deg C)
r
N−r + δ(N2C(E) + C0)(deg C)
N
N−r+
+N2C(E)
where
δ = Nα
(
N
N − 1β
) r
N−r
.
Substituting the values of α from (31) and β from (32) we get the desired bound
for hˆ(P ). This concludes the proof.

6.2. The general case. We can now conclude the proof of Theorem 1.3, reducing
the case of a general curve to the transverse case with a geometric induction.
Theorem 6.2. Let C be a curve of genus at least 2 embedded in EN and let K =
Frac(End(E)) with discriminant DK . Then the set of points of C of rank r <
max(rC − tC , tC) has Ne´ron-Tate height bounded as
hˆ(P ) ≤(N − r)|DK |
2tC+tCr+4r
2(tC−r)
(
c1(tC , r)h2(C)(deg C)
r
tC−r + c2(tC , r, E)(deg C)
tC
tC−r
)
+
+ (N − r)t2CC(E) +
h(C)
deg C ,
where the constants c1(tC , r) and c2(tC , r, E) are computed in Theorem 6.1 and C(E)
is defined in Proposition 2.1.
Proof. Let H0 + Q be a translate of minimal dimension tC containing C, with H0
an abelian subvariety of EN and Q a point in H⊥0 . Then C = C0 + Q with C0
transverse in H0 and so the rank of any point of C is at least rankQ. Thus there
are no points on C of rank < rankQ. Moreover rankQ = rC − tC . Indeed if BQ is
the torsion variety of minimal dimension containing Q, then by definition of rank
dimBQ = rankQ. Thus C is contained in the torsion variety H0+BQ of dimension
tC + rankQ. On the other hand, if B is the torsion variety of minimal dimension
containing C, then C −Q = C0 ⊂ B−Q. Thus H0 ⊂ B−Q and H0+Q ⊂ B. Since
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H0 is an abelian variety then Q ∈ B. Thus H0 +BQ ⊂ B. And equality follows by
the minimality of B. So rC = tC + rankQ.
In conclusion there are no points of rank < rankQ = rC − tC . This solves the
case rC − tC ≥ tC .
We now assume tC > rC− tC . The torsion variety H0 is a component of the kernel
of a morphism given by an (N−tC)×N -matrix Φ with entries in End(E) and of rank
N − tC , as described in Section 2.8. Then, there exists an orthogonal complement
matrix Φ⊥ with entries in End(E). Let P ∈ C be a point of rank r, then P = P0+Q
with P0 ∈ H0 and hˆ(P ) = hˆ(P0 +Q) = hˆ(P0) + hˆ(Q) by [Phi12]. If P0 is a torsion
point then we can directly conclude, indeed hˆ(P ) = hˆ(Q) ≤ h(C)/ deg C by Zhang’s
inequality. We may then assume that P0 is non-torsion. Let Pi0 be the coordinate
of P0 of maximal height, then Pi0 is non-torsion.
Using basic arguments of linear algebra and a Gauss-reduction process (which
might also determine a reordering of the coordinates) we can reduce the matrix Φ
to the form
M =


a1 . . . 0 a1,N−tC . . . a1,N
...
...
...
...
0 . . . aN−tC aN−tC,N−tC+1 . . . aN−tC,N

 ,
with ai 6= 0 for all i and the matrix Φ⊥ to the form
M⊥ =


b1,1 . . . b1,tC b1 . . . 0
...
...
...
...
btC,1 . . . btC,tC 0 . . . btC

 ,
with bi 6= 0 for all i.
In addition we can assume that the (N−tC+1)-th column of the reduced matrices
M and M⊥ corresponds to the i0 coordinate of the starting order of the factors in
EN . Suppose not, then if the i0 coordinate corresponds to one of the last tC columns
it is sufficient a reordering of the columns (which corresponds to a permutation of
the factors of EN ) and of the rows of M⊥. Suppose now that the i0-th coordinate
corresponds to the column j ≤ N − tC , then since Pi0 is a non torsion point there
exists a non-trivial entry Mjk 6= 0 with N − tC < k ≤ N . In addition bk 6= 0 and by
the orthogonality assumption M⊥jk 6= 0. Thus we can exchange the j-th and k-th
columns of M and M⊥ and operate a new Gauss reduction to obtain the matrix
M and M⊥ with the wished properties.
Passing to the Lie algebras, the kernels of these matrices determine the Lie algebra
of H0 and H
⊥
0 as sub-Lie algebras of E
N . Thus the rows of M⊥ are a basis of the
Lie algebra of H0. Since the last tC columns of M
⊥ form an invertible minor, the
projection of the last tC coordinates of Lie(H0) on C
tC is surjective. Thus the
projection π : EN → EtC on the last tC coordinates is surjective when restricted
to H0 and consequently π(C) = π(C0) is transverse in EtC . By a result of Masser
and Wu¨stholz [MW90], Lemma 2.1, we have that deg π(C) ≤ deg C. In addition
h(π(C)) ≤ h(C).
We can now apply Theorem 6.1 to the curve π(C) in EtC obtaining
hˆ(π(P )) ≤|DK |
2tC+tCr+4r
2(tC−r)
(
c1(tC , r)h2(C)(deg C)
r
tC−r + c2(tC , r, E)(deg C)
tC
tC−r
)
+ t2CC(E),
(37)
where the constants c1(tC , r) and c2(tC , r, E) are computed in Theorem 6.1 and
C(E) is defined in Proposition 2.1. We finally remark that
hˆ(P ) = hˆ(P0 +Q) = hˆ(P0) + hˆ(Q) ≤ (N − r)hˆ(π(P )) + hˆ(Q)
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where the last inequality is due to the fact that the (N − tC + 1)-th coordinate of
P0 has maximal height. Recall that by the Zhang inequality hˆ(Q) ≤ h(C)/ deg C.
So
hˆ(P ) ≤ hˆ(P0) + hˆ(Q) ≤ (N − r)hˆ(π(P )) + h(C)
deg C .
Replacing (37) we obtain the bound in the statement.

6.3. The Proof of Corollary 1.5. In [CVV16], Theorem 6.2, we proved that the
curve C is transverse in E2 and its degree and height are bounded as
deg C = 6n+ 9,
h2(C) ≤ 6(2n+ 3) (hW (p) + logm+ 2C(E))
where hW (p) = hW (1 : p0 : . . . : pn) is the height of the polynomial p(X) and C(E)
is given in Proposition 2.1. Applying Theorem 6.1 to C in E2 (with N = 2 and
r = 1), we get that
hˆ(P ) ≤|DK |524134
(
h2(C)(deg C) + (4C(E) + 5.61) (deg C)2
)
+ 4C(E).
Substituting the values of deg C and h2(C) we conclude the proof.
6.4. The proof of Corollary 1.6. To prove our corollary we use the same pro-
jection π : EN → EtC used in the proof of Theorem 6.2. Then π(C) is transverse in
EtC . In addition deg π(C) ≤ deg C and h(π(C)) ≤ h(C). The proof of Theorem 6.2
also shows that there are no points on C of rank < rC− tC . We then apply Theorem
6.1 and Theorem 1.3 of [Via08] to the curve π(C) in EtC to bound the number of
points of rank < tC on π(C). Note that the rank of the projection of a point is
less or equal than the rank of the point. Moreover the fiber of π restricted to C
has cardinality ≤ deg C degEN−tC by Be´zout theorem. This bounds the number of
points on C of rank < max(rC − tC, tC) in terms of deg C, deg π(C), h2(π(C)), E and
N . We finally use deg π(C) ≤ deg C and h(π(C)) ≤ h(C) to conclude.
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